Thermoelectric devices convert temperature gradients into electrical power and vice versa, thus enabling energy scavenging from waste heat, sensing and cooling.
: Possible design routes to optimize silicon based thermoelectric materials involve a multidimensional parameter space that comprises chemical complexity, nanostructuring and dimensionality reduction. Examples of outcomes of these optimization strategies are siliconbased clathrates, SiGe superlattices and silicon nanowires with rough surfaces. Models are adapted from Refs. [11, 12, 13 ].
Electronic Band engineering.
The electrical transport coefficients that appear in the expression of ZT are tightly intertwined: at fixed charge mobility S declines as a function of the density of charge carriers while σ increases. In addition, σ is proportional to κ e through Wiedmann-Franz law. While these fundamental relations limit the possibilities to improve ZT through band engineering, it was observed that Seebeck coefficient depends on the derivative of the electronic density of states (eDOS) at the Fermi level. Hence, a very narrow, ideally delta-shaped, charge carriers distribution would maximize σS 2 [14] . In the early 1990s Hicks and Dresselhaus suggested that nanostructuring [15] and dimensionality reduction [16] can largely enhance S as a result of quantum confinement. This effect may be achieved either by incorporating quantum wells, quantum wires or quantum dots in bulk silicon, [17] or by growing low-dimensional nanostructures. Measurements on silicon nanowires [18] and on highly-doped silicon thin films [19] corroborate these earliest predictions.
It is indeed possible to modify the band structure by quantum confinement in low-dimensional systems: density functional theory (DFT) and many-body perturbation theory GW calculations show that the energy gap of nanometerthin silicon wires and membranes is inversely proportional to their thickness and undergoes a transition from indirect to direct below a threshold thickness. [20, 21, 22] However, these substantial changes in the electronic structure of silicon nanostructures do not cause an enhancement of S, unless one employs extremely thin wires or membranes, with characteristic diameter/thickness < 2 nm [23, 24, 25, 22] . Below this threshold sharp features appear in the eDOS that enhance S, but σ is substantially reduced. The overall enhancement of the TE power factor (σS 2 ) is then negligible. Calculations of transport coefficients based on the semi-classical Boltzmann transport equation (BTE) unravel the concurrent reasons for this result. First of all, enhancement of S over the bulk value was predicted only for the thinnest wires and membranes, because the eDOS does not exhibit sharp peaks at the band edge unless confinement is of the order of 1 or 2 nm. Secondly, although at extreme confinement one may expect a potential enhancement of mobility, up to a factor 4 [23] , the modified eDOS leads to a considerable reduction of the overall electrical conductivity, without considering the effect of surface defects, which may hamper σ even further [26] .
For nanostructures with more viable characteristic size, i.e. thickness ∼ 10 nm, both DFT and tight-binding calculations predict charge transport coefficients close to those of bulk silicon. [27, 10, 22] Remarkably, standard band transport models cannot justify the increase of S measured in Refs. [18, 19] . So high values of S at low temperature in highly doped low-dimensional materials may stem from phonon drag, which is an increase to the effective mass of charge carriers induced by the interaction of electrons with phonons. A first-principles theory of phonon drag was recently developed and showcased on bulk silicon. [28] This approach requires a wellconverged sampling of electron-phonon interactions over the Brillouin Zone and it has not yet been applied to complex systems, but it opens the way to future optimization perspectives.
Nanostructured silicon-based materials, such as nanoporous and nano-crystalline silicon were also investigated as potential TE materials and their charge transport coefficients were computed. DFT calculations indicate that the power factor of nanoporous silicon (np-Si) is only slightly reduced compared to that of bulk Si, even at high porosity [29] . For boron-doped nanocrystalline silicon S may increase beyond that of bulk because of both carrier filtering and temperature discontinuities at grain boundaries. Concurrently also the electrical conductivity may be increased due to the higher Fermi level of grains compared to bulk Si at the same concentration of holes. The combination of these effects results in up to 5 times higher power factor than in the bulk. [30, 31] These calculations may account for the high ZT formerly measured for B-doped Si/SiGe composites [32] .
More aggressive band structure engineering may be achieved through the synthesis of metastable phases with higher chemical complexity. For example, experimental efforts devoted to the optimization of silicon-based clathrates, by exploring their compositional space, and achieved ZT 0.5 at 1200 K [11] . High ZT is favored by extremely low values of κ p < 1 W m −1 K −1 , [33] but the power factor is hampered by high electrical resistivity. [34] Although both the electronic structure and the phonons of silicon-based clathrates have been calculated for their potential as superconductors, [35] a systematic modeling-driven effort toward the TE optimization of this class of materials is still lacking.
Phonon Transport Engineering
The calculations and the measurements discussed in the previous section suggest that silicon-based materials may not achieve high ZT through the improvement of σS 2 alone, unless κ p is reduced by about a factor 100 with respect to the bulk value. Major efforts have been deployed to understand phonon transport and engineer low-κ p materials. From the solution of the phonon Boltzmann transport equation (PBTE), the contribution of each phonon branch i to κ p is expressed as:
which has to be integrated over the wave vector q in the Brillouin zone. c i is the mode heat capacity, v i the group velocity component in the direction of propagation and λ i the phonon mean free path (mfp). [36] The latter can be written as the product of group velocity and relaxation time (τ i ). τ i is dictated by anharmonic phonon-phonon scattering, defects scattering and surface or boundary scattering. In earlier works scattering rates were parametrized on experimental data, and λ was determined empirically. [37, 38] More recently it has been possible to calculate τ i and therefore κ p , solving the linearized PBTE and computing the interatomic force constants by first-principles including three-and four-phonon scattering terms. [39, 40, 41, 42] Eq. 2 suggests that there are two ways to engineer phonon heat transport: one is to modify phonon dispersion relations, which impact the density of states, the group velocities and the space of viable anharmonic scattering processes. The other is to modify the extrinsic scattering processes that contribute to define phonon lifetimes.
Low-Dimensional Silicon
Dimensionality reduction and nanostructuring have a stark effect on phonons and heat transport. Pioneering measurements on crystalline silicon thin films [43] and nanowires [44] showed significant reduction of κ p for systems with characteristic thickness of several tens of nm. The reduction of κ p is greatly enhanced by surface roughness, thus making rough silicon nanostructures viable TE materials. [45, 46] More recently dramatic reduction of κ p was observed in ultra-thin silicon membranes, with thickness below 10 nm. [47] This effect was mostly ascribed to surface scattering, and kinetic models reproduced well experimental measurements, including temperature trends. [48] In particular the effect of boundary scattering in nanowires and thin films was modeled accord- nm. [51] For silicon nanowires the relation between κ p and the diameter is nonmonotonic: [55] : the minimum κ p occurs for D ∼ 3 − 4 nm and it is 0.2κ bulk . [13] As for (ii) surface roughness and the presence of an amorphous surface layer, be it amorphous silicon or native silicon oxide, produce a much more substantial reduction of thermal conductivity, as observed in several atomistic simulations of nanowires and suspended membranes. [54, 13, 56, 57, 58, 52] The effect of surface layers depends on the surface-to-volume ratio, which is determined by the diameter/thickness of nanowires/membranes. Rough surface oxide layers reduce κ p up to 40 times in silicon nanowires with 15 nm diameter, and up to 25 times in 10 nm thick membranes. The stark effect of native oxide layers on κ p was confirmed experimentally by Raman thermometry of ultra-thin silicon membranes before and after etching of the surface oxide layers. [52] Recent studies revealed the microscopic mechanism that leads to κ p reduction. Contrary to the assumption of diffusive phonon scattering [59] , spectral energy decomposition [60] and frequency-resolved calculations of phonon mfps [61] show that surface layers of amorphous materials mainly produce resonances that modify the dispersion relations of low-frequency propagating modes, reducing their group velocity. [62, 63] These resonances are similar to those obtained by nanopatterning the surface of thin films, membranes or nanorods according to the recently proposed nanophononic metamaterials paradigm. [64, 65, 66, 67, 68] Such reduction of κ p is sufficient to utilize silicon membranes for sensing [69] , but not for TE energy conversion, as the maximum ZT that can be achieved is 0.2 at room temperature [22] . To achieve ZT beyond 1 it would be necessary to further decrease κ p . This can be obtained by introducing "bulk" defects. Alloying with germanium, nanopores, twin boundaries, dislocations and heterostructures have been proposed as effective ways to further reduce κ p , [70, 71, 72, 57, 73, 63] but their impact on charge transport coefficients still needs to be assessed. In particular, MD predicts that introducing 10% of Ge would decrease κ p for 10 nm membranes ten times leading to ZT > 1.
[63]
Nanoporous Silicon and SiGe Heterostructures
Nanostructuring of bulk silicon is also an effective way to reduce κ p . Based on early predictions from MD simulations, [74] nanoporous silicon (np-Si) films with extremely low κ p were manufactured and proposed as promising TE material [75, 76] , but so far only at high temperature. [77] A limiting factor is that the size and the spacing of the pores in experiments is usually one order of magnitude larger than that studied in atomistic simulations and the κ p reduction is not as drastic. [78, 79, 80] In np-Si κ p reduction originates from modified phonon dispersion relations, and the geometry and size of the pores can be designed to get κ p < 1 Wm −1 K −1 at reasonably low porosity (30%). [81] Similarly to what observed for nanostructures, a layer of amorphous material at the pore surface enhances the reduction of κ p . [82, 83] . Simulations predict that κ p reduction may be achieved by alloying with germanium [84, 85] Heterostructures, such as silicon/germanium superlattices readily implement phononic band structure engineering. [86, 12] The reduction of κ p depends on the dimensionality of the inclusions and on superlattice spacing L. The relation between κ p and L is non-monotonic and the minimum κ p depends on the dimensionality of the superlattice. This phenomenon, accounted for by atomistic simulations [87, 12] and verified in experiments, [88, 89] can be interpreted as a transition between a small-L regime, in which Si/Ge interfaces produce phonon interference, and a large-L regime, in which thermal boundary resistances add up to provide the total device resistance. The minimum κ p occurs at the highest density of interfaces before phonon interference kicks in. A promising approach to further the performance of SiGe superlattices is to grow films with concentration graded profiles [90, 91] . [18, 45] , SiGe nanowires [92] , nanoporous (holey) silicon [75] and B-doped nano crystalline SiGe [32] , and they are compared to theoretical predictions (blue squares and labels) for similar systems: SiNW [23] , membranes [22] , nanoporous silicon [29] and B-doped nano crystalline Si [30] . new nanomaterials, e.g. crystalline nanoporous silicon and ultra-thin silicon membranes. Simulations predict that it may be possible to achieve even higher ZT by combining compatible optimization routes, e.g. alloying with nanostructuring [63, 67, 92] or nano-crystallinity with nanoporosity [93] . However, several design concepts proposed by modeling still wait for experimental verification. Finally, further efforts are required to achieve systematic materials design across the optimization space, possibly devising and applying high-throughput and machine-learning approaches that include search in the chemical space for complex nanostructured systems. [94] 
Conclusions

